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Abstract 



In our previous papers [6, 9], we proved some martingale transform representa- 
tion formulas for the Riesz transforms and the Beurling-Ahlfors transforms on 
complete Riemannian manifolds, and proved some explicit L^-norm estimates 
^h^ ' for these operators on complete Riemannian manifolds with suitable curvature 

QQ , conditions. In this paper we correct a gap contained in [6, 9] and prove that 

\Q • the iP-norm of the Riesz transforms Ra{L) — V(a — L)^^/^ can be explicitly 

bounded by C(p* — 1)^^^ if Ric+V'^(f> > —a for a > 0, and the L^-norm of the 
Riesz transform Rq{L) = V{-L)~^^^ is bounded by 2{p* - 1) if ffic-h V^c/) = 0. 
Tlj" , We also prove that the L^-norm estimates for the Beurling-Ahlfors transforms 

^3 ' obtained in [9] remain valid. Moreover, we prove the time reversal martingale 

transform representation formulas for the Riesz transforms and the Beurling- 
Ahlfors transforms on complete Riemannian manifolds. 



1 Introduction 

In our previous paper [6] , the author obtained a martingale transform representation formula 
for the Riesz transforms on complete Riemannian manifolds. More precisely, by the formula 
(24) in Theorem 3.2 in [6], the probabilistic representation formula of the Riesz transform 
Ra{L) = V(a — _L)~^/^ acting on a nice function / was given by 



-\Ra{L)f{x)^ hm Ey 



Jo 



Xr 



Recently, R. Bafiuelos and F. Baudoin [2] pointed out that, since e "''^ Mr is not adapted to 
the filtration Tt = o'{Xs,Bs,s < t), the above probabilistic representation formula should 
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be corrected as follows 



1 

2 J/-5-+00 



-RaiL)f{x)^ lim Ey 



Ir f e'''M-^dQaf{Xs,Bs)dB, 
Jo 



X-r — X 



(1) 



Indeed, a careful check of the original proof of the formula (24) in Theorem 3.8 in [6] indicates 
that the correct probabilistic representation formula of Ra{L)f should be given by (1). See 
Section 2 below. By the above observation, R. Baiiuelos and F. Baudoin [2] pointed out 
that there is a gap in the proof of the L^-norm estimates of the Riesz transforms in [6] 
and they proved a new martingale inequality which can be used to correct this gap. In 
this paper, we correct the above gap and prove that the L^-norm of the Riesz transform 
Ra{L) is bounded above by C{p* — 1)^/^ if Ric+ V'^cj) > —a for a > 0, and the L^-norm 
of the Riesz transform Ro{L) is bounded by 2{p* — 1) if Ric + V^0 — 0. See Theorem 2.4 
below. We also correct the gap contained in [9] (due to the same reason as above) and 
prove that the main results on the L^-norm estimates of the Beurling-Ahlfors transforms 
obtained in [9] remain valid. See Theorem 4.4 and Remark 4.5 below. Moreover, we prove 
the time reversal martingale transform representation formulas for the Riesz transforms and 
the Beurling-Ahlfors transforms on complete Riemannian manifolds. 

2 Riesz transforms on functions 

Let (M, g) be a complete Riemannian manifold, V the gradient operator on M, A the 
Laplace-Beltrami operator on M. Let (f> £ C'^{M), and rf/i = e~'^dv, where dv is the 
standard Riemannian volume measure on M. Let Lq{M,^) = L'^(M,^) if fJ.{M) = oo, and 
LliM, p) = {/ e L^(M, y) : /^^ /d^ - 0} if /x(M) < oo. 

Let L = A — V0 • V. Let d be the exterior differential operator, d*i be its L^-adjoint 
with respect to the weighted volume measure d/x — e^'^dv. Let D^ ~ dd*j^ + d*,d be the 
Witten-Laplacian acting on forms over (M, g) with respect to the weighted volume measure 
dji = e~'^dv. 

Let Bt be one dimensional Brownian motion on R starting from Bq — y > and with 

1 H^ 

infinitesimal generator ^ jt- Let 

T = inf{t > : Bf == 0}. 

Let Xt be the i-diffusion process on M. Let Ric be the Ricci curvature on {M,g), W'^cj) 
be the Hessian of the potential function (f). Let Mt E End{TxaM,TxtM) is the unique 
solution to the covraiant SDE along the trajectory of (Xt): 

^Mt = -{Ric+V^^){Xt)Mt, Mo = Ut^m. 
at ° 

In particular, in the case where Ric + V^(/) = —a, we have 

Mt = e"*t/t, -it > 0, 

where Ut : Tx„M -^ Tx^M denotes the stochastic parallel transport along Xt. 
The following result is the correct reformulation of Lemma 3.7 in [6]. 



Lemma 2.1 For all ry e C(^{M,A'^T*M), and Tjaix^y) = e^yV^+^r]{x), we have 



7j{Xr) = e"^M;;-ir/,(Xo, So) + e^^Af;^^ f e-'^'M*, {^ , ^\ Tla{Xs,B,) ■ {UsdWs,dBs). (2) 
Proof. By Ito's calculus, we have (see p. 266 line 16 in [6]) 

^ {e'-*M*Tja{Xt,Bt)) = e-«*M; (w , -^^ Va{Xt,Bt) ■ {UtdWt,dBt). 



Integrating from t ~ to t ~ t , we complete the proof of Lemma 2.1. 
The following result is the correct reformulation of Theorem 3.8 in [6]. 

Theorem 2.2 Let oj e C^{M < A^T*M), and uJa{x,y) = e"2/V"+°*w(a;). Then 



n 



-Lio{x) = lim Ey 



'Mr f e'^nd-^^LOa{Xs,B,)dB, 

Jo oy 



Xt = X 



(3) 



Proof. The proof is indeed a small modification of the original proof of Theorem 3.8 given 
in [6]. For the completeness of the paper, we produce the details here. Let Zt = {Xt,Bt), 
rj e C^{h^T*M). By (2) in Lemma 2.1, we have 

T^{Xr) - e""M;'-ir,,(Zo) + e"^M;^-i / e-'^'M*, (^ , ^\ r,,(Z,) • {UsdWs,dBs). 



Hence 



/ lEy\e-^Mr I e-'M-^-^u;a{Xs,Bs)dBs 
Jm\ I Jo oy 



Xt- — X 



T]{x) ) dn{x) 



E: 



-id 



e'-^Mr / e-'M-'—i,aiX,,B,)dBs,rjiXr) 
Jo oy 

h+h. 



where 



h - Ey 



E,, 



e-""M, / e^'M-'-^LJa{X,,Bs)dB,,e''^M:--'^aiXo,Bo) 
Jo oy 

e--Mr f e-'M-'^LOa{Xs,Bs)dB,, 
Jo oy 

^ar^*,-l f e-'^^MliV ,dy)7^a{Xs,Bs) ■ {UsdWs,dB,) 

Jo 
Using the martingale property of the Ito integral, we have 



h 



E^i 



— E., 



I e'''M~^-^ojaiX,,Bs)dB,,r^aiXo,Bo 
Jo oy 

f e''-'M~^^uja{Xs,Bs)dB, 
Jo oy 



(Xo, Bq 



jVaiXojBa] 



On the other hand, using the L^-isometry of the Ito integral, we have 
-id 



E,, 



E,, 



E,i 



Jo oy Jq 

^ / d d \ ■ 

( -7r^a{Xs,Bs), -rrVaiXs, B^) ) ds 
\9y oy I 



dy)r^aiXs,Bs)-{U,dW„dB,) 



The Green function of the background radiation process is given by 2(j/ A z). Thus 



E., 



£ (^^a(X„i?,), ^r;jX„B,)^ d. 



= 2/ / {yAz)(--uJaix,z),—r]aix,z))dzd^i{x). 
JmJo \dz dz I 

By spectral decomposition, we have the Littclwood-Palcy identity 

lim / / {y hz)l—-u:a{x,z),—-ria{x,z))dzd[i{x)^ / {uj{x),T]{x))d^{x). 
v^'^JmJo \oz oz I Jj^ 



Thus 



(w,?7)l2(^) = 2 lim 



E,i 



-id 



e-""M, / e'''M-'^LUa{X,,B,)dBs 

<yy 



Xr ~ X 



r]{x) ) d^i{x). 



y^°^ J M 

This completes the proof of Theorem 2.2. D 

The following martingale transform representation formula of the Riesz transforms on 
complete Riemannian manifolds, which is the extension of the Gundy- Varopoulos represen- 
tation formula of the Riesz transforms on Euclidean space [5] , is the correct reformulation 
of the one that we obtained in Theorem 3.2 in [6]. 

Theorem 2.3 Let Ra{L) = V(a - L)-'^/'^. Then, for all / e C^{M), we have 



e-^^Mr f e'''M-^dQafiXs,s)dBs 
Jo 

In particular, in the case where Ric + V^(/) = —a, we have 



Ra{L)f{x) = -2 lim Ey 

y— >'+oo 



Ra{L)f{x) 



-2 hm Ey 

y— J-+00 



Ur I U-^dQaf{X,,Bs){UsdWs,dBs 
Jo 



Xt- = X 



Xt — X 



(4) 



(5) 



Proof. Applying Theorem 2.2 to a; = d{a — L)^^^^f, the proof of Theorem 2.3 is as the same 
as the one of Theorem 3.2 given in [6]. D 

We now state the L^-norm estimates of the Riesz transforms on complete Riemannian 
manifolds. Throughout this paper, for any p G (1, oo), let 



p = max < p 



p-1 



The following result is a correction of Theorem 1.4 in [6]. 



Theorem 2.4 Let M be a complete Riemannian manifold, and (f) € C'^{M). Then 
(i) forallfeC^iM), 

\\W{a-L)-^^\fh<\\fh, (6) 

(ii) if Ric + V^(/) = 0, then for all p G (1, oo), 

||V(-L)-i/V||,<2(p*-l)||/||„ V/eCo°°(M), (7) 

if Ric + V^(/) = —a, where a > is a constant, then for all p G (1, oo), 

||V(a-i)-i/2/||p<2(p*-l)(l+4||Ti||p)||/||p, VfeC^iM), (8) 

where Ti is the first exiting time of the standard Z- dimensional Brownian motion from the 
unit hall B{0, 1) = {x e R^ : ||a;|| = 1}. 

(Hi) if Ric + V^cf) > —a, where a > is a constant, then there is a numerical constant C > 
such that for all p > 1, 



||V(a - L)-'^\f\\, < C{p* if'^WfW,, V/ e C^{M). 



(9) 



Proof. The case [i) for p = 2 is well known, of. [6, 7]. By [6], for any fixed x E M, 
there exists a bounded operator A{x) e End{TxM) such that that duj{x) = AWuj{x) and 
||^(a;)||op < 1- In the case Ric + V^0 — —a, we have 



V{a- L)-^^^f{x) ^-2 lini E, 



y— 5-+00 



Ur f U-^AVQaf{X,,B,)dB, 
Jo 



Xt = X 



The stochastic integral in the above formula is a subordination of martingale transforms. 
By Burkholder's sharp L^-inequality for martingale transforms [3] we obtain 



||V(a-L)-i/2/|lp<2(p*-l) sup P(X,)|lop 

se[o,T] 



{V,dy)Qa{f){Xs,Bs) ■ {UsdWs,dBs) 



where ||A(Xs)||op denotes the operator norm oi A{Xs) on Tx^M. Note that 



sup ||A(X,)||op < 1. 

se[o,T] 



This yields 

|lV(a-L)-i/2/||p<2(p*-l) 



{V,dy)Qa{f){Xs,B,) ■ {UsdWs,dB, 



In [6], we have proved that, for all 1 < p < oo, it holds 



{V,dy)Qa{f){Xs,Bs) ■ {UsdWs,dBs 



<(i + 4|iri|ipi„>o)|l/|lp. 



Combining this with the previous inequality, we obtain 

||V(a - L)-'/\f\\p < 2{p* - 1)(1 + 4||Ti||pl„>o)|l/|lp. 



This proves the case of (ii). 

In general case Ric + V^(/) > —a, we have 



V(a - L)-^l'^J{x) = 2 hm Ey 

y— ^ + 00 



'Mr f e'''M-^AVQaf{X,,B,)dBs 



Xr = X 



By the L''-contractivity of conditional expectation, see [6], we have 



Let 



|V(a-i)"^/^/|L < 21im inf 



Jy — 



U I e-''M;^AVQaf{Xs,B,)dB, 
Jo 



\VQaf{X,,B,)\^ds 



1/2 



By Theorem 2.6 due to Bahuelos and Baudoin in [2], under the condition Ric + S/^cp ^ ~^j 
we can prove that 



'Mr f e'''M-^dQafiXs,Bs)dBs 
Jo 



<3Vp{2p-l)\\jy\\p. 



By Proposition 6.2 in our previous paper [7], for all p G (1, 00), we proved that 

||>^j/||p ^ Bp\\j\\p, 

where for ah p € (1,2), Bp = {2p)^/'^{p - l)"■''/^ B2 = 1, and for all p € (2, 00), Bp = 
, ^ From the above estimates, for all p E (1, 2), we can obtain 

\\Via-L)-'/\f\\p < 6V2p'/\2p-iy/\p-l)-'/\f\\p 

< 12V6(p-l)-3/2||/||p, 

and for p > 2, 

\\V{a-Lr'/\f\\p < 3^/2p3/2(2p-l)V2(p_2)-V2||;||^ 

< 6(p-l)-V2(i + o(i/p))||/||p. 

The proof of Theorem 2.4 is completed. D 

Remark 2.5 The above proof corrects a gap in the proof of Theorem 1.4 given in [6] (p. 270 
line 9 to line 12 in [6]), where we used the Burkholder sharp L^-incquality for martingale 
transforms. As e^'^'^M,- is not adapted with respect to the filtration Tg = o-{Xu,Bu,u e 
[0,s]), s < T, the proof given in [6] is valid only in the case e^^'^M,- is independent of 
{Xs : s E [0, t]), which only happens if Ric + V^0 = —a for some constant a > 0.. 

The following result is the correction of Corollary 1.5 in [6]. 

Corollary 2.6 Let M be a complete Riemannian manifold with non-negative Ricci curva- 
ture. Then there exists a numerical constant C > such that for all p > I, 



\\V{-A)-'/\f\\p<Cip*-lf^'\\f\\p. 
, i.e., if M is a Ricci flat Rierr, 

\V{-A)-'/\f\\p<2{p*-l)\\f\\p. 



In particular, if Ric — 0, i.e., if M is a Ricci flat Riemannian manifold, then for all 
1 < p < 00, 



In view of Theorem 2.4 and Corollary 2.6, we need to reformulate Conjecture 1.7 in [6] 
as follows. 

Conjecture 2.7 Let M he a complete Riemannian manifold, (f> € C'^(M). Suppose that 
Ric{L) — Ric + V^(/) = 0. Then there exists a constant c > such that for all p > 1, we 
have 

c{p* - 1)(1 + o(l)) < \\V{-L)-'^X.P < 2(P* - !)• 

In particular, on any complete Riemannian manifold M with flat Ricci curvature, for all 
p > 1, we have 

c{p* 1)(1 + o(l)) < \\W{-^)-"X.v < 2(P* - 1). 

Remark 2.8 Using the Bellman function technique, Carbonaro and Dragicevic [4] proved 
that if Ric + V^(/) > —a, then for all p E (1, oo), 

||V(a - L)-'/\f\\p < 12{p* - l)||/||p, V/ G C^{M). 

It would be nice if one can find a probabilistic proof of this result. 

3 Riesz transforms on Gaussian spaces 

In this section, we give the proof of Corollary 1.6 in [6]. Let G be a compact Lie group 
endowed with a bi-invariant Riemannian metric, Q its Lie algebra, and n — diniG. Let 

n 

Xi, . . . , Xn be an orthonormal basis of Q, and Ag — X) -^I the Laplace-Beltrami operator 

n 

on G. In [1], Arcozzi proved that, the L^-norm of the Riesz transform R'^ :— ^ Rx^Xi 

on G satisfies ||i?'^||p < 2(p* - 1) for aU p e (l,oo), where Rx, = Xj(-Ag)"^/^ is the 
Riesz transform on G in the direction X^. As the unit sphere S*""^ can be identified as 
5""^ = SO(n)l SO(n—X), where SO{n) is the rotation group of R", Arcozzi proved that the 
L^-norm of the Riesz transform R^" = V^" (-A5„-i)^^/^ on 5*"^-^ satisfies ||-R"^" ||p < 
2{p* — 1) for all p G (l,oo). Let S"^^{^/n) be the (n — l)-dimcnsional sphere of radius 
^/E. Then the L^-norm of the Riesz transform i?'5"''(v^) satisfies ||i?'^"~'(^)||p < 2{p* - 
1). By the Poincare limit, as n — > oo, 5"^^(y^) endowed with the normalized volume 
measure converges in a proper way to the infinite dimensional Wiener space R'^ endowed 
with the Wiener measure, and the Laplace-Beltrami operator on S"^^{y/n) converges to the 
Orisntein-Uhlenbeck operator on M'*^. From this, Arcozzi derived that the Riesz transform 
associated with the Ornstein-Uhlenbeck operator L = A — a; • V on the Wiener space satisfies 
||V(-L)-i/2||p<2(p*-l) foraUpe (l,oo). 

In general, let A E Af(n,]R) be a positive definite symmetric matrix on W\ and let 
{x,y)A = {x,Ay), Vx,y e K". Then VJ : (»",(•,•)) -^ (M", (•, •)a) is an isometry. Let 
SO{n, A) be the rotation group on (R", (•, ■)a), and 5*^"^ be the {n — l)-dimensional sphere 
in (R",(-,-)a). Then S'^"^ ^ SO{n,A)/SO{n-l,A). By the same argument as used 
by Arcozzi [1], we can prove that the LP-norm of the Riesz transform on SO{n,A) satis- 
fies II i?'^'^^"''^) lip < 2{p* — 1), and the L^-norm of the Riesz transform on S^^^ satisfies 

11^*'^ lip < 2{p* - 1). Similarly, we have H-R-^^ '•^''llp < 2(p* - 1). Thus, we have proved 
the following 



Theorem 3.1 Let A G M(n,K) be a positive definite symmetric matrix on M", and let 

La = ^- Ax-V 
he the Ornstein-Uhlenheck operator on the Gaussian space {W^,piA), where 

Then, for all 1 < p < oo, the L^ -norm of the Riesz transform R = W{—La)^^ on (M", jia) 
satisfies 

\\V{-LA)-"^h<2{p*-l). 

Using the Poincarc limit, we can derive the foUowing result from Theorem 3.1. 

Theorem 3.2 (i.e., Corollary 1.6 in [6]) Let {W,H^ ^a) be an abstract Wiener space, where 
W is a real separable Banach space, H is a real separable Hilbert space which is densely 
embedded in W , A € C(H) be a self-adjoint positive definite operator with finite Hilbert- 
Schmidt norm, and fj, the Gaussian measure on W with mean zero and with covariance A. 
Let 

La = A- Ax-V 

be the generalized Ornstein- Uhlenbeck operator on (W, H, iia)- Then, for all 1 < p < oo, the 
LP -norm of the Riesz transform R = V(— L^i)^^'^ on (W, H, ^ia) satisfies 

\\Vi-LA)-'/X<2ip*-l)- 

4 Beurling-Ahlfors transforms 

Throughout this section, let M be a complete and stochastically complete Riemannian 
manifold, n = dimM. Let Xt be Brownian motion on M, Wk the fc-th Weitzenbock curvature 
operator. Let Ai G End(A'^T*M), i = 1,2, be the bounded endomorphism which, in a local 
normal coordinate (ei, . . . , e„) at any fixed point x, is defined by 

Ai = {aia*)nxn, A2 = {a*aj)nxn, 

where Oi — intg^ is the inner multiplication by e^, and a* — e*/\ is the exterior multiplication 
hy Cj, i,j = I,. .. ,n. For details, see [9]. 

Let Mt e End(A'=rj;-^M, A'^rj^M) be defined by 

^ = -Wk{Xt)Mt, Mo = IdA.^i M- 
at ^0 

For any fixed T > 0, the backward heat semigroup generated by the Hodge Laplacian D on 
/e-forms is defined by 

cj(x,r-s) =e-('^-")°cj(x), Vxe Af,se [0,T], ujeC^{K^T*M). 

Recall that, the Weitzenbock formula reads as follows 

n = -TrV^ + VFfe. 

We now state the martingale transform representation formula for the Beurling-Ahlfors 
transforms on fc-forms over complete Riemannian manifolds . 



Theorem 4.1 Let M be a complete and stochastically complete Riemannian manifold. Sup- 
pose that Wk > ~a, where a > is a constant. Then, for all uj,ri E C^{K^T*M), we have 

{dd*{a + Uy^uj,fi) =2 Van I {S"^ uj,r])dx, 



T-j-oo 



M 



{d* d{a + ay ^Lu,T]) =2 \im / {S'^^uj , i]) dx 



T^a 



M 



where, for a.s. x G M , 



5j.cj(x) = E 



Mre 



-aT 



f e-''MyAy7uja{XuT-t)dXt 
Jo 



Xt^x 



i^ 1,2. 



In particular, the B curling- Ahlfors transform 

Sbuj := {d*d - dd*){a + D)-^uj 
has the following martingale transform representation: for a.s. x <E M 

i-T 



Sb^{x) — 2 lini E 

T— 5-00 



Mtc-"^ 



/ e^'^MyBWujaiXt, T - t)dXt 
Jo 



Xt^x 



where 



B = Ai-A2 



Remark 4.2 The martingale transform representation formulas in Theorem 4.1 are the 
correct reformulation of the formulas that we obtained in Theorem 3.4 in [9], where the 
martingale transform representation formulas of 5*^^ and Sb were given in the following way 



Sl.uj{x) ^E 



Mt~T) 



MTM^r^A,Vua{Xt, T - t)dXt 



Xt^x 



i = l,2, 



and 



Sb^{x) = 2 lim E 



T^c 



fT 

/ e'''^*^^^MTMir^BVuja{Xt,T -t)dXt 
Jo 



Xt^x 



The same correction should also be made for Theorem 3.5 in [9], where a = 0. The reason 
is that, as pointed out by Baiiuelos and Baudoin in [2], Mt is not adapted with respect to 
the filtration Tt = (t{Xs : s € [0,/:]), t < T. Moreover, in the proof of Theorem 1.2 in [9] 
(p. 135, line 7 to line 8), we used the Burkholder-Davis-Gundy inequality to derive that 



\Sl^Lo\\p<Cp sup lle'^^'-^^MTMr^dl 



0<t<T 



op 



1/2 



\VuJa{Xt,T-t)fdt 



where \\ ■ |]op denotes the operator norm, and Cp is a constant. However, except that 
Mt is independent of the {Xt : t € [0,T]), one cannot use the Burkholder-Davis-Gundy 
inequality in above way, due to the fact that Mt is not adapted with respect to the filtration 

Tt^<7{Xs :se [0,t])',t<T. 



Proof of Theorem 4-1- By Remark 4.2, we need only to correct the martingale transform 
representation formulas appeared in Theorem 3.4 and Theorem 3.5 in [9] in the right way 
stated in Theorem 4.1. Thus, the original proof given in [9] for these formulas remain valid 
after a small modification. To save the length of the paper, we omit it here. D 

Proposition 4.3 For all constant a> and lu G C^{K^T*M), we have 

\\dd*{a + U)-^uj\\l + \\d*d{a + U)-^uj\\l = \\U{a + Uy^ujWl, (10) 

Moreover, 

\\dd*{a + U)-^ijj\\2 < ||cj||2, 
\\d*dia + D)-'uj\\2 < \M2, 

and 

\\{d*d-dd*){a + n)-^Lu\\2 < 2\\lu\\2. 
Proof By Gaffncy's integration by parts formula, we have 

\\dd*{a + ny^Lo\\l = / {dd*{a + ay^LO,dd*{a + ny^Lo)dv 
Jm 

{{a + ay^uj, dd*dd*{a + ay'^uj)dv. 

M 

Similarly, we can prove 

\\d*d{a + n)-^uj\\l= f {{a + n)-^uj,d*dd*d{a + a)-^uj)dv. 
Jm 

Using the fact that dd*dd* + d*dd*d = 0^, we get 

\\dd*{a + D)-'^uj\\l + \\d*d{a + D)-^u}\\l= f {{a + D)-^u},D^{a + D)-^uj)dv. 

Jm 

This proves the identity (10). Again, integration by parts yields 



||(a + n)w||^ == \\nuj\\l + 2a{{uj,nLu))+a'^\\uj\\l 

= IIDcjII^ + 2a||da;||^ + 2a\\d*uj\\l + a'^\\Lo\\l 

> IP^IIi 

which implies that 

||n(a + n)-ic.||2<||c.||2. (11) 

Combining (10) with (11), we obtain 

\\dd*{a + ny^uj\\l + \\d*d{a + ay^uj\\l < \Ml- 

This finishes the proof of Proposition 4.3. D 

We now state the L^-norm estimates of the Beurling-Ahlfors transforms on complete 
Riemannian manifolds. The following result is the restatement of Theorem 1.2 and Theorem 
5.1 in [9]. Here, as in [9], || • ||op denotes the operator norm. 

10 



Theorem 4.4 Suppose that there exists a constant a > such that 

Wk > -a. 
Then, there exists a universal constant C > such that for all 1 < p < oo, and for all 

we C(^{A''T*M), 

\\SAM\p<C{p*-lf^'\\AX^M,, 



\\SBLo\\p<C{p*-lf/^\\B\UpMp. 
In particular, in the case where Wk = —a, we have 

\\SAM\p<np*-mMopMp, 

and 

\\SBio\\p<2ip*-l)\\B\\opMp. 

Proof. By Proposition 4.3, we need only to study the case p ^ 2. For simplicity, we only 
consider the case Wk > 0. The general case Wk > —a can be similarly proved. Let 

Zl ^ Mt M-^A,Woj{Xs, t - s)dXs, i^l,2. 
Jo 

By Theorem 2.6 due to Bafiuclos and Baudoin in [2], for all p G (1, oo), we have 

/ \A,VLv{Xt,T-t)\^dt] 



Obviously, we have 

f \A,Vij{XuT-t)\^dt\ 



< PJop 



/ \VLu{Xt,T-t)\^dt 



By the same argument as used in the proofs of Proposition 6.2 and Proposition 6.3 in [7] 
for all 1 < p < oo , we can prove that 



\Vuj{Xt,T-t)\^dt 



<BpMp, 



where Bp = {2pf/^{p - l)-3/2 for p e (1, 2), Bp == 1 for p == 2, and Bp ^ -^ if p > 2. 

Hence, for 1 < p < 2, 



WS^ujWp < 3^pi2p-l)\\A\\ 



(2p) 



1/2 



l°P(p_ 1)3/2 H-IIP 

< 6V6(p-l)-3/2||A,||op||c^||p, 
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and for p > 2, 

Indeed, by duality argument as used in [9], for all p > 2, we have 

which yields for p > 2, 

\\Sl^u\\p < 6V6{p-lf/^\\M\opMp. 
In summary, for all 1 < p < oo, we have proved that 

II^X^^IIp < qV6{p* - if/^\\A\\op\\uj\\p. 

Similarly, for all 1 < p < oo, wc can prove 

\\S],u;\\p<6V6{p*-lf/^B\UMp. 
In the particular case where Wk = —a, we have 

i-T 



S\.uj{x) ^E 



Jo 



Xt^x 



, i = 1,2, a.s.x G M. 



The L^-contractiveness of the conditional expectation yields 



1^1.^11 



Ut I U^^A^VuJa{Xt, T - t)dX, 
Jo 

/ Ut-^A,WLJa{Xt,T-t)dX., 

Jo 



Using the Burkholder sharp LP-inequality for martingale transforms, for all p > 1, we deduce 
that 



l^I.c-^ll <ip*-l) sup WUi^A^UtWop 

0<t<T 



f U^^VuJa{Xt,T-t)dXt 

Jo 



By Ito's formula, we can prove that (see Eq. (49) in [9] 



uj{Xt) ~ UTLOa{X^,T) = Ut / Ut'^LOa{Xt,T- t)dXt. 

Jo 

Substituting (13) into (12), we have 

\\SlM\p < (P* - mMopMXT) - UTtOa{Xo,T)\\p. 

Using the argument in [9], we obtain 

||5l..||p < (p* - 1) fl + e-^-"{i-i-i>"^l lid 



(12) 



(13) 
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Hence 

\\dd*ia + D)-'Lj\\p<2 lim ||^J^c^||p < 2(p* - l)Pi||op||c^||p, 



T-yoo 



and 



\d*d{a + ar^ioWp < 2 lim \\S^M\p < 2{p* - l)P2|lop|lc.|lp, 

1 — ^oo 



\\(dd* -d*d){a + n)-^uj\\p<2 lim ||S'i;w||p < 2(p* - l)||B||op||cj||p. 

T— >-oo 



The proof of Theorem 4.4 is completed. D 

Remark 4.5 The above proof corrects a gap contained in [9]. In summary, the L^-norm es- 
timates in Theorem 4.4 indicates that the results in Theorem 1.2, Theorem 1.3 and Theorem 
1.4, Theorem 5.1 and Corollary 5.2 obtained in [9] remain valid. As a consequence, the main 
theorems proved in [9] remain valid. In particular, see Theorem 1.3 in [9], on complete and 
stochastically complete Riemannian manifolds non-negative Weitzenbock curvature opera- 
tor Wk > 0, where 1 < k < n = dimM, the Weak L^-Hodge decomposition theorem holds 
for fc-forms, the De Rham projection Pi = dd*D^^, the Leray projection P2 = d*dD^^ and 
the Beurling-Ahlfors transform Bk = {d*d — dd*)D^^ on fc-form is bounded in L^ for all 
1 < p < 00. 

5 Time reversal martingale transformation representa- 
tion formula for the Riesz transfroms 

In this section, we prove a time reversal martingale transformation representation formula 
for the Riesz transforms on complete Riemannian manifolds. 

First, we prove the following time reversal martingale transformation representation 
formula for one forms. 

Theorem 5.1 Let Xf = ^r-t, o-^d Bt — Bt-i, t G [Oj''']- Let Mf be the solution to the 
covariant SDE 

Mq — ldT~ M- 

For any oj e C^{A^T*M), let UJa{x,y) = e"«V"+°*a;(a;), \/x e M,y > 0. Then, for a.s. 
X € M, 



—uj(x) ~ lim E,,, 

2 ^ ^ y^+00 y 



Z, 



Xn = X 



whe 



Zr= [ e-'''MtdyUa{XuBt)dBt- [ e-'''Mtdlu{Xt,Bt)dt. 
Jo Jo 
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Proof. By Theorem 2.2, we have 



-Uj{x) = Um Ey[Zr\Xr ^ x], 

Z y— >+oo 



where 



Jo 
Taking = so < si < . . . < s„ < s„+i == t be a partition of [0, t], then 



N 



i=l 

converges in L^ and in probability to Zr- We can rewrite Zr,n as follows 

N 



i=l 



Note that 



and 



dsMr-s = Mr-smc{L){Xr-s) 

- Mr-sRic{L){X,), 



d,{MrM^^) = -MrM-^dsM,M-^ 

= MrM^^Ric{L){Xs)MsM-^ 
= (M,M7i)ffic(L)(X,). 



By the uniqueness of the solution to ODE, as M^-- 



— Mt-M. ^\ — Mt- Ml we have 



MrM-^ = Mr- 



Therefore 

i=l 

Let ti = T — Si. Then t = Iq > ti > . . . > tn > in+i ~ 0, and 

N 

1=1 
By Taylor's formula, we have 
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Hence 



N 



N 



i=l 
-2 



which converges in L and in probabihty to the foUowing hniit 

Zr^ e"''MtWyCoiXt,Bt)dBt~ e-'''MtVlw{XuBt)dt 



The proof of Theorem 5.1 is completed. D 

By Theorem 5.1, we can prove the following time reversal martingale transformation 
representation formula for the Ricsz transforms on complete Riemannian manifolds. 

Theorem 5.2 Let Ra{L) = V(a - L)-'^/'^. Then, for f e C^{M), we have 



Ra{L)f{x) = -2 lim Ey 



z. 



Xn=x 



Zr^l e-"-'M,dQaj{X,,B,)dB,~ \ e''''MsdydQaf{Xs,B,)ds. 



whe 



Remark 5.3 As noticed in [6], there exists a standard one dimensional Brownian motion 
l3t such that 

dBt = dPt + ^, te{o,T]. 

Bt 

6 Time reversal martingale transforms representation 
formula for the Beurling-Ahlfors transforms 

Similarly to the proof of Theorem 5.1, we prove a time reversal martingale transforma- 
tion representation formula for the Beurling-Ahlfors transforms on complete Riemannian 
manifolds. 

Theorem 6.1 Let Xt ~ Xx-t, t G [0,r]. Let Mt be the solution to the covariant equation 

VMt 



dt 



-MtWk{Xt), Mo = IdA.Ti M- 



Then, for any uj G C^ (K^T* M) , the Beurling-Ahlfors transform 

Sbuj := {d*d - dd*){a + 0)"^^ 
has the following time reversal martingale transform representation: for a.s. x € M , 



Ss'^ix) — 2 lim E 



Zi 



Xo =x 
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where 

Zt= e-'"'MsBVuja{Xs,s)dXs- I e'"' MsBTYV^oja{X„s)ds. 
Jo Jo 

To end this paper, let us mention that, in a forthcoming paper [10], we will prove a 
martingale transform representation formula for the Riesz transforms associated with the 
Dirac operator acting on Hermitian vector bundles over complete Riemannian manifolds and 
for the Riesz transforms associated with the 9-operator acting on holomorphic Hermitian 
vector bundles over complete Kahler manifolds. By the same argument as used in this paper, 
we can prove some explicit dimension free L^-norm estimates of these Riesz transforms on 
complete Riemannian or Kahler manifolds with suitable curvature conditions. See also [8]. 

Acknowledgement. I would like to thank R. Baiiuelos and F. Baudoin for their interests 
on my previous works and for pointing out the gap contained in [6, 9] which has been 
addressed in this paper. 
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